Dephasing and the Orthogonality Catastrophe in Tunnehng through a Quantum Dot: 

the "Which Path?" Interferometer 
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The "Which Path?" interferometer consists of an Aharonov-Bohm ring with a quantum dot (QD) 
buih in one of its arms, and an additional quantum point contact (QPC) located close to the QD. The 
transmission coefficient of the QPC depends on the charge state of the QD. Hence the point contact 
causes controllable dephasing of transport through the QD, and acts as a measurement device for 
which path an electron takes through the ring. We calculate the suppression of the Aharonov- 
Bohm oscillations which is caused both by dephasing and by the orthogonality catastrophe, i.e., 
respectively, by real and virtual electron-hole pair creation at the QPC. 

PACS numbers: 73.23Hk, 73.23Ad, 03.65.Bz 



The interference between different trajectories of a par- 
ticle is one of the central postulates of quantum mechan- 
ics. The transition between classical and quantum be- 
havior depends on when and whether this interference 
is realized. With the advent of mesoscopic conducting 
structures, it has become possible to study directly the 
coherence between different trajectories of an electron in 
a metal or semiconductor Aharonov-Bohm ring. Among 
the phenomena observed in these systems are Universal 
conductance fluctuations, weak localization, and inelas- 
tic dephasing by electron-electron and electron-phonon 
scattering H] . Recently, a set of elegant Aharonov-Bohm 
ring experiments was performed to detect the phase shift 
of electrons passing through a quantum dot (QD) built 
in one arm of the ring ^J^ . These experiments were the 
first to demonstrate the coherent propagation of electrons 
through a quantum dot. 

The observation of phase coherence in transport 
through a QD presents an opportunity to study the ori- 
gins of decoherence in mesoscopic structures. Recent 
work in atomic physics has measured decoherence rates 
of the electromagnetic field in a cavity [Q . These experi- 
ments, however, did not control the rate of dephasing. An 
Aharonov-Bohm ring with a QD in one of its arms, offers 
the ability not only to measure dephasing rates, but to 
directly control these rates by modifying the environment 
of the quantum system. The proposed experimental set 
up for this "Which Path?" interferometer 0] is shown 
in Fig. n^. An electron traversing the ring may follow the 
upper or the lower arm. In the latter case, the electron 
must pass through a QD located in the lower arm. In 
the proposed experiment, an additional wire containing 
a quantum point contact (QPC) is placed close to the 
QD. The electrostatic field of an extra electron on the 
QD changes the transmission coefficient T of the nearby 
QPC, and hence changes the conductance of the wire. 
The change in the current in the wire "measures" which 
path the electron took around the ring, causes the paths 



to decohere, and so suppresses the Aharonov-Bohm os- 
cillations. 




FIG. 1. Schematic view of the "Which Path?" interferom- 
eter H. The quantum dot (QD) is built in the lower arm of 
an Aharonov-Bohm ring, as shown. The transmission coef- 
ficient of the nearby quantum point contact (QPC) depends 
on the occupation number of the dot because of electrostatic 
interactions. (Four-terminal measurement is implied, so that 
closed orbits in the ring are not important.) 

To estimate the rate of decoherence induced by the cur- 
rent in the wire consider the following argument: Adding 
an electron to the dot changes the conductance of the 
QPC by 2(e^//i)AT. Detection of this electron requires 
a time td such that the change in the number of electrons 
crossing the QPC exceeds the typical quantum shot noise, 
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where V is the bias voltage in the wire, and the right hand 



side reflects the quantum shot noise across the QPC Q. 
The decoherence rate, therefore, depends on both the 
bias across the QPC and its transmission coefficient: 
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In this paper, we calculate nonperturbatively the sup- 
pression of the Aharonov-Bohm oscillations in a ring with 
a QD due to the close proximity of a wire containing 
a QPC. Our results support the simple argument given 
above, and explicitly show that 1/td is the rate of real 
electron-hole pair creation in the wire. The simple esti- 
mate (g) however neglects the effect of virtual electron- 
hole pairs. The latter do not directly cause decoherence 
but they decrease the transmission amplitude through 
the QD. These virtual processes result in power-law sup- 
pression of the Aharonov-Bohm oscillations. This is an 
example of the orthogonality catastrophe mM , and is an 
inevitable consequence of "measurement" by local inter- 
action with a many-body system. (We neglect the addi- 
tional orthogonality catastrophe due to ring electrons ||] 
because it cannot be externally controlled.) 

In the proposed experiment, the transmission coeffi- 
cient across the ring T^ing can be obtained from the ap- 
propriate combination of measurements in a multiprobe 
geometry 0. According to the Aharonov-Bohm effect, 
i.e., the phase difference of 27r$/<i>o between electron tra- 
jectories which encompass a magnetic flux $, one has 
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where the dots indicate higher harmonics of $, and 
$0 = hc/e is the flux quantum. The magnetic-flux in- 
dependent term Tj\J„ and the amplitude t* are sensitive 
to the geometry of the system, {e.g. the structure of the 
leads, lengths of the arms, etc.). The amplitude tgo for 
coherent transmission through the dot reflects only the 
properties of the dot and its immediate environment; this 
quantity will be discussed in the remainder of this paper. 

We are interested in the Aharonov-Bohm oscillations 
in the vicinity of Coulomb blockade peaks, i.e., near the 
charge degeneracy point of the QD. This means, that 
only two charging states of the dot, N and A^ -I- 1, are 
relevant to transport [|0| . We neglect energy dependence 
of the phase from propagation down the arms of the ring 
|ll| , so that tQo — Jde{—df/de) tQo{e), where /(e) is the 
Fermi distribution function (all energies are counted from 
the Fermi level) and tQoie) is the transmission amplitude 
for an electron with energy e through the QD. 

In the Coulomb-blockade regime the broadening of lev- 
els is smaller than the level spacing in the dot |^0[. Thus, 
it is natural to consider only a single resonant level in 
the dot. The amplitude iQr)(e) can then be expressed in 
terms of the exact retarded Green function of this level: 



tQn{i) = -i^ATLTRJdte' 



'G'-it), 



(4) 



where F^^/j are the widths of the level with respect 
to tunneling to the left or to the right. The retarded 
Green function is defined as G^{t) = —i9{t){c{t)c^0) -\- 
c^(0)c(t)), where c{t) is the Heisenberg operator which re- 
moves an electron from the resonant level (we put /i = 1). 
The electrons in the dot interact with the electrons in 
the wire. Only the local scattering potential of the QPC 
is significantly affected by this electrostatic interaction. 
We use the standard description of a QPC [|l2| as a ID 
noninteracting electron system, and choose the basis of 
scattering eigenstates corresponding to the potential in 
the QPC when exactly N electrons occupy the QD: 
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'0£.7^ are the fermionic operators for the scattering states 
moving from the left and right, respectively, with summa- 
tion over spin indices implied. We linearize the spectrum 
and put the Fermi velocity in the wire uj? = 1. The elec- 
trostatic field of an additional {N 4- 1st) electron on the 
QD changes the wire Hamiltonian to Hn+i = Hff -\- V: 

v{t)^%{t) + v^{ty, (6) 
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are electron operators in 



the interaction representation. The operator V^(t) mixes 
scattering states propagating in the same direction and 
corresponds to a change in the phase of the transmis- 
sion amplitude of the QPC. The mixing between scat- 
tering states which are incident from opposite directions 
is given by V^{t), and corresponds to a change in the 
transmission coefficient T of the QPC. The explicit os- 
cillatory time dependence of V^ (t) , describes a finite bias 
in the wire, i.e., eV corresponds to the chemical potential 
difference between C and TZ scattering states. 

The Green function of the resonant level in the dot 
interacting with the wire can be approximated as 



G"^(t) = -i0{t)e 
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[PN+iA^{t) + PNA+{t)], (7) 



where eg is the single-electron energy of the level, and P„ 
is the probability of the corresponding charging state of 
the dot, P/v + -P/v+i = 1- The total tunneling width of 
the level F is given by F = F^ -I- Fjj, and the coherence 
factors A±(t) describe the influence of the wire. 



A+(t) = (e^«"*e~'^"+i*)ff„, 



(8a) 
(8b) 



The expectation values are taken with respect to an equi- 
librium ensemble in the wire with the Hamiltonian, Hn 



or -ffjv+i, indicated as a subscript. It is easy to see that 
Eq. (|^) is exact in two important limiting cases. In the 
absence of the interaction A±{t) = 1 and Eq. (0) re- 
duces to the retarded Green function for a noninteract- 
ing resonant level, and Eq. (H) becomes a simple Breit- 
Wigner formula. Also, in the absence of tunneling, F = 0, 
Eqs. (M) and (ph are exact expressions for an isolated level 
coupled to the wire. For the intermediate regime F > 0, 
Eq. M) is not exact. Physically, it neglects interaction in- 
duced correlations between consecutive tunneling events 
of different electrons into the dot. However, such events 
are rare in the case of weak tunneling, and Eq. (m) is 
expected to be a good approximation even for F 7^ 0. 

Let us now turn to the calculation of the coherence 
factor A^{t). For zero current in the wire, Eq. (g|) cor- 
responds to the well known "orthogonality catastrophe" 
[[7|, i.e., the response of an equilibrium noninteracting 
electron system to a sudden perturbation. Exact results 
for this problem were first obtained in Ref. ||l^. The 
long-time behavior (eVt 3> 1) of the nonequilibrium or- 
thogonality catastrophe was recently considered by Ng 
[Q. In order to find the dependence of iQo(e) on bias 
eV, we need to know A+{t) at all times. For the case 
of nonequilibrium in the wire we were not able to obtain 
exact results for arbitrary constants A^^^. Instead, we 
restrict ourselves to the case where the mixing between 
scattering states is small, A^ ^ 1, but A^ is arbitrary. 

We begin by rewriting the coherence factor as 



A+{t) = (T,e-*/o ^(*^)'^*^)^„ = A^it)A^{t), 



(9) 



where A^{t) describes the orthogonality catastrophe in 
the absence of mixing between the scattering states: 



A^(i) = (Tte"'/o'^*i^*(*i)) 
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and can be evaluated exactly. The results for the coher- 
ence factor (10) are well-known [Q. One has 
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where ^0 is the high-energy cutoff, the smaller of the 
Fermi energy in the wire or the inverse rise time of the 
perturbation of the QPC. The factor of four in the ex- 
ponent in (O) corresponds to the number of affected 
channels (two scattering states multiplied by the spin 
degeneracy in the wire). Equation (O) is identical to 
the expression describing the "shakcup" effect in the X- 
ray absorption spectra in metals [ |l3| , which results in 
power-law suppression e^t''*/'^) of the absorption at low 
energies. 

The factor A-^{t) in (p[) describes the mixing of the 
scattering states in the wire and we evaluate it in the 
linked-cluster approximation, keeping terms to order A^: 



where the Green function g[ti,t2) is defined as 

g{h,t2) ^ -iA^it)-^ (13) 
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The factor of two in the exponent in Eq. (12) comes from 



the summation over spin directions in the wire. The 
Green function is given by mM 
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where P stands for the principal value, and < ti.2 < t. 
Substituting 3(^1,^2) from Eq. (|l|) into Eq. (|l|), we 
obtain with the help of Eq. (||) 
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where the exponents are related to the scattering con- 
stants A^,^ from Eq. (^ by 



a = 4 ( -^ ) , 7 = 4A^ cos^ 



and the dephasing rate is given by 

Td = 7r7|el/|. 
The crossover function h in Eq. (nsh is 
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Let us now reexpress the exponents (hffl in terms of 
the physical characteristics of the QPC: the transmission 
probability T and the phase of the transmission ampli- 
tude 6. In order to do so, we notice that switching on the 
perturbation m) by adding an electron to the dot corre- 
sponds to changing the phase shifts 6e,o for the even (e) 
and odd (o) channels in the wire: 

C^'^ = C^ + ^^e,o, ^S,^o = arctan7r(A0 ± AJ. 

The transmission probability of the QPC is related to 
these phase shifts by T = cos^{6e — So), and the phase of 
the transmission amplitude is given hy 9 — S^, + Sg. We 
obtain from Eq. (16) 
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The dephasing rate Td given by Eqs. (|17|) and (|l^) agrees 
with the estimate for 1/td obtained earlier in Eq. (||). 

The physical meaning of the dephasing rate r^ deserves 
some additional discussion. Indeed, Td reflects the effi- 
ciency with which the QPC measures the charge state of 
the quantum dot. One can rigorously define this mea- 
surement using the basis of scattering eigenstates of the 
wire before an electron is added to the dot. If the added 
electron creates a single excitation in this basis, the pas- 
sage of the electron through the QD is "detected" and 
interference with the other, remote path through the 
Aharonov-Bohm ring is destroyed. The dephasing rate 
Td is the rate at which such excitations are created. Us- 
ing the Golden Rule, for the simplest case S^ = 0, we 
obtain 



Td = 27TXJ^-2 



dk,l dkf5{h~kf-\eV\) = ATTy^\eV\, 



which agrees with (17), and which can easily be general- 
ized to Sell y^ 0. 

Note the symmetry in the expressions for 7 and Td be- 
tween the transmission probability T and the reflection 
probability 1 — T in the wire. An extra electron trans- 
mitted through a normally reflecting QPC provides the 
same measurement of the charge state of the QD as an 
extra electron reflected by a normally transmitting point 
contact. For the case of a parabolic potential barrier in 
the QPC, AT - T(l - T)AVqpc, where AVqpc is the 
change in the height of the potential caused by adding 
an electron to the dot. One then flnds F^ ex T(l — T), 
with the maximum dephasing rate at T = 1/2. 

The calculation of the coherence factor v4_(t) from 



Eq. (8b) is performed analogously, starting from the di- 
agonalization of the Hamiltonian Hj\j-f-i(t) in the basis 
of scattering states. The result is A^{t) = A+(i)*. Be- 
cause A-{t) ^ A.+ {t), the probability Pn for the oc- 
cupation of the dot does not cancel from the result. 
For the general position of the level eo, the probabil- 
ity Pn can be found from the thermodynamic formula 
Pn = — /((ie/7r)/(e)ImG"'(e). However, at the peak 
of the Coulomb blockade, eg = 0, it is obvious that 
P/v = Pn+1 = 1/2. The total transmission amplitude 
through the quantum dot can then be obtained (0) as a 
Fourier transform of G^{t). We find that the result can 
be well approximated by the simple formula 
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where the total width is given by Ftot = Tl + ^ r + Td 
[ p5[ . Equation (M) is the central result of our study. 
It describes the anomalous scaling of the amplitude of 
the Aharonov-Bohm oscillations with the temperature 
or with the current flowing through the quantum wire. 
It is important to realize that even at zero-temperature 



equilibrium the quantum wire suppresses the Aharonov- 
Bohm oscillations through the orthogonality catastrophe, 
i.e. the suppression of tunneling through the quantum 
dot by the creation of virtual electron-hole pairs in the 
wire. In this limit, the conductance through the dot is 
~ ItguP, so we expect the same power- law behavior as 
in (n9h even without the Aharonov-Bohm geometry. 

In conclusion, we have analyzed theoretically electron 
transport through the "Which Path?" interferometer [^ : 
an Aharonov-Bohm ring with a quantum dot in one arm, 
and an additional wire containing a quantum point con- 
tact located close to the dot. The presence of the wire 
suppresses the Aharonov-Bohm oscillations in the ring 
in two ways. First, real electron-hole-pair creation in the 
wire "measures" which path the electron took around 
the ring, and so causes the paths to decohere. Second, 
virtual electron-hole-pair creation in the wire decreases 
the transmission amplitude through the QD, leading to 
power-law dependence of the Aharonov-Bohm oscilla- 
tions on the temperature or the current through the wire. 
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